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Abstract
Hamiltonian stationary Lagrangians are Lagrangian submanifolds that
are critical points of the volume functional under Hamiltonian deforma-
tions. They can be considered as a generalization of special Lagrangians
or Lagrangian and minimal submanifolds. In [6], Joyce, Schoen and the
author show that given any compact rigid Hamiltonian stationary La-
grangian in Cn, one can always find a family of Hamiltonian stationary
Lagrangians of the same type in any compact symplectic manifolds with
a compatible metric. The advantage of this result is that it holds in very
general classes. But the disadvantage is that we do not know where these
examples locate and examples in this family might be far apart. In this
paper, we derive a local condition on Ka¨hler manifolds which ensures the
existence of one family of Hamiltonian stationary Lagrangian tori near
a point with given frame satisfying the criterion. Butscher and Corvino
posted a condition in n = 2 in [2]. But our condition appears to be dif-
ferent from theirs. The condition derived in this paper not only works for
any dimension, but also for the Clifford torus case which is not covered
by their condition.
1 Introduction
Hamiltonian stationary (or H-minimal) Lagrangians were defined and studied
by Oh [9, 10] in a Ka¨hler manifold (M, g). These objects have stationary volume
amongst Hamiltonian equivalent Lagrangians. The Euler–Lagrange equation
for a Hamiltonian stationary Lagrangian L is d∗αH = 0, where H is the mean
curvature vector on L, αH the 1-form on L defined by αH(·) = ω(H, ·), and d∗
the Hodge dual of the exterior derivative d.
Special Lagrangians/ Lagrangian and minimal submanifolds are critical points
of the volume functional of all variations, and Hamiltonian stationary Lagrangians
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can be considered as their generalizations. Hamiltonian stationary Lagrangians
are related models for incompressible elasticity theory and are closely related
to the study of special Lagrangians/ Lagrangian and minimal submanifolds.
Although there are no compact special Lagrangians in Cn, there are compact
Hamiltonian stationary Lagrangians in Cn. Oh proves in [10, Th. IV] that for
a1, . . . , an > 0, the torus T
n
a1,...,an in C
n given by
T na1,...,an =
{
(z1, . . . , zn) ∈ Cn : |zj | = aj , j = 1, . . . , n
}
(1)
is a stable, rigid, Hamiltonian stationary Lagrangian in Cn. A Hamiltonian
stationary Lagrangian is called stable (or H-stable) if the second variational
formula of the volume functional among Hamiltonian deformations is nonnega-
tive. A Hamiltonian stationary Lagrangian in Cn is called rigid (or H-rigid) if
the Jacobi vector fields for Hamiltonian variations consist only those from the
U(n)⋉ Cn actions on Cn (see [6, §2.3]). Other compact stable, rigid, Hamilto-
nian stationary Lagrangians in Cn are given in [1].
He´lein and Romon found all Hamiltomian stationary Lagrangian tori in
C
2 and CP 2 via a Weierstrass-type representation [3, 4]. But there are very
few results on the existence of Hamiltonian stationary Lagrangians in general
Ka¨hler manifolds. In [6], Joyce, Schoen and the author obtain families of com-
pact Hamiltonian stationary Lagrangians in every compact symplectic manifold
(M,ω) with a compatible metric g. It in particular contains the case of Ka¨hler
manifolds. The result is:
Theorem [6] Suppose that (M,ω) is a compact symplectic 2n-manifold, g is a
Riemannian metric on M compatible with ω, and L is a compact, Hamiltonian
rigid, Hamiltonian stationary Lagrangian in Cn. Then there exist compact,
Hamiltonian stationary Lagrangians L′ in M which are diffeomorphic to L, such
that L′ is contained in a small ball about some point p ∈M, and identifying M
near p with Cn near 0 in Darboux geodesic normal coordinates, L′ is a small
deformation of tL for small t > 0. If L is also Hamiltonian stable, we can take
L′ to be Hamiltonian stable.
The method used in [6] is first to find Darboux coordinates at each point
which also admit a nice expression on the metric, and then put a scaled com-
pact Hamiltonian stationary Lagrangian from Cn in the Darboux coordinates
at each point. These submanifolds are Lagrangian in (M,ω, g), but not Hamil-
tonian stationary yet. One then tries to perturb these approximate examples in
Hamiltonian equivalence class to Hamiltonian stationary. This involves solving
a highly nonlinear equation whose linearized equation has approximate kernels,
and thus it cannot be done in general. In [6], we first solve the equation perpen-
dicular to the approximate kernels for examples near any fixed point and then
show that the problem of finding Hamiltonian stationary Lagrangians, which
are critical points of the volume functional on an infinite dimensional space, can
be reduced to finding critical points of a smooth function on a finite dimensional
compact space when the model from Cn is in addition Hamiltonian rigid andM
is compact. The existence will follow from the simple fact that every continuous
function has critical points on a compact set.
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The advantage of the above argument is that it only requires compactness
and works in very general classes. But the disadvantage is that we do not
know where the Hamiltonian stationary Lagrangian locates in (M,ω, g). As
a consequence, the examples obtained at each scaled size t may be far apart
for different t. In this paper, we take a different approach in the second step
and resolve this deficit when M is a Ka¨hler manifold and L = T na1,..., an . More
precisely, we show that
Theorem 4.4 Suppose that (M,ω, g) is an n-dimensional Ka¨hler manifold, and
write U for the U(n) frame bundle of M . The subgroup of diagonal matrices
T n ⊂ U(n) acts on U . For any given ai > 0, i = 1, . . . , n, define Fa1,...,an :
U/T n → R by Fa1,...,an(p, [υ]) =
∑n
i=1 a
2
iRi¯ii¯i(p), where p ∈M, υ ∈ U(n), and
the holomorphic sectional curvature Ri¯ii¯i(p) is computed w.r.t. the unitary frame
υ at p whose value is clearly independent of the representative υ of [υ]. Assume
that (p0, [υ0]) ∈ U/T n is a non-degenerate critical point of Fa1,...,an , then for t
small there exist a smooth family (p(t), [υ(t)]) ∈ U/T n satisfying (p(0), [υ(0)]) =
(p0, [υ0]) and a smooth family of embedded Hamiltomian stationary Lagrangian
tori with radii (ta1, . . . , tan) center at p(t) which are invariant under T
n action
and posited w.r.t any representative of [υ(t)]. Moreover, the distance between
(p(t), [υ(t)]) and (p0, [υ0]) in U/T
n is bounded by ct2. The family of embedded
Hamiltomian stationary Lagrangian tori do not intersect each other when t is
small.
The proof of the theorem is along the same line as in [6] with the following
differences:
• On a Ka¨hler manifold, we obtain Darboux coordinates with better expres-
sions on the metric. And when L = T na1,..., an , we can compute the leading
terms in related estimates in explicit forms.
• In the last step, instead of using compactness to show the existence, we
analyze directly the conditions we need to perturb approximate examples
to Hamiltonian stationary. This is done by deriving explicit expressions up
to some orders in all related estimates. Because we do not use compactness
condition, the result also hold for noncompact Ka¨hler manifolds.
Our result is an analogue to the constant mean curvature (CMC) hyper-
surface case in a Riemannian manifold M . Ye in [12] showed that near a non-
degenerate critical point p of the scalar curvature function on M , there exist
CMC sphere foliation near p . The problem of finding a corresponding condition
for Hamiltomian stationary Lagrangian tori on a Ka¨hler manifold is proposed
by Schoen, and is the starting point of our project in this direction including [6].
Butscher and Corvino proposed a different condition in [2] for n = 2, which is the
non-degenerate critical point of the function Ga1,a2(p, υ) = a
2
1R
C
11¯(p)+a
2
2R
C
22¯(p)
on U/T 2. Here RC11¯ and R
C
22¯ are the complex Ricci curvature. Note that Ga1,a2
will be a multiple of the scalar curvature when a1 = a2. It is independent of the
frame, and thus there won’t be any non-degenerate critical point of Ga1,a2 in
this case. In contrast to that, our condition not only works for any dimension,
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but also cover the Clifford torus (i.e., with same radii) case. Because the di-
mension does not match, the family of Hamiltomian stationary Lagrangian tori
with radii (ta1, . . . , tan) won’t form a foliation.
This paper is organized as follows. In §2 we give basic definitions and derive
new Darboux coordinates which will play an essential role in the paper. Some
important and involving estimates are given in §3. Section 4 consist of the set up
for the perturbation and the proof of the main theorem. A different proof which
is more close to our approach in [6] is presented in the last section. This more
geometrical simple proof also give another justification for the computation in
§3. The first proof has its own interests which demonstrate the general scheme
of the perturbation method. So we present both proofs in the paper.
Acknowledgements: I benefit a lot from the joint project with Joyce and
Schoen in [6], and the set up of this paper very much follows that in [6]. I would
like to express my special gratitude to both of them. Brendle’s comments in my
talk in Columbia university remind me to revisit one of my earlier approaches
and leads to the different proof in the last section. I am indebted to him for his
enlightening comments, and also to Joyce for his many helpful comments in a
earlier version of the paper.
2 Notation and Darboux coordinates
2.1 Lagrangian and Hamiltonian stationary
We will assume (M,ω, g) to be Ka¨hler through this paper, and refer to §2 in [6]
for more detailed discussions on the background material.
Definition 2.1. A submanifold L in (M,ω) is called Lagrangian if dimL =
n = 12 dimM and ω|L ≡ 0. It follows that the image of the tangent bundle TL
under the complex structure J is equal to the normal bundle T⊥L.
Let F :M → R be a smooth function onM . The Hamiltonian vector field vF
of F is the unique vector field satisfying vF ·ω = dF . The Lie derivative satisfies
LvF ω = vF · dω + d(vF · ω) = 0, so the trajectory of vF gives a 1-parameter
family of diffeomorphisms Exp(svF ) : M → M for s ∈ R which preserve ω. It
is called the Hamiltonian flow of F . If L is a compact Lagrangian in M then
Exp(svF )L is also a compact Lagrangian in M .
Definition 2.2. A compact Lagrangian submanifold L in (M,ω, g) is called
Hamiltonian stationary, or H-minimal, if it is a critical point of the volume
functional among Hamiltonian deformations. That is, L is Hamiltonian station-
ary if
d
ds Volg
(
Exp(svF )L
)∣∣
s=0
= 0 (2)
for all smooth F : M → R. By Oh [10, Th. I], (2) is equivalent to the Euler–
Lagrange equation
d∗αH = 0, (3)
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where H is the mean curvature vector of L, and αH = (H ·ω)|L is the associated
1-form of H on L, and d∗ is the Hodge dual of the exterior derivative d on L,
computed using the metric h = g|L.
When (M,ω, g) is a Calabi-Yau manifold, one can choose a holomorphic
(n, 0)-form Ω on M with ∇Ω = 0, normalized so that
ωn/n! = (−1)n(n−1)/2(i/2)nΩ ∧ Ω¯.
If L is an oriented Lagrangian in M , then Ω|L ≡ eiθdVL, where dVL is the
induced volume form from the metric g. It defines Lagrangian angle θ : L →
R/2πZ on L. The submanifold L is called special Lagrangian if θ is constant.
On a Hamiltonian stationary Lagrangian, the Lagrangian angle θ is harmonic.
If moreover, the image of θ lies in R (and here L is compact), then the Hamilto-
nian stationary Lagrangian L is indeed special Lagrangian since every harmonic
function on a compact manifold must be constant.
At a Hamiltonian stationary Lagrangian L, one can compute to find that
d2
ds2 Volg
(
Exp(svF )L
)∣∣
s=0
=
〈Lf, f〉
L2(L)
, (4)
where f = F |L and
Lf = ∆2f + d∗αRic⊥(J ∇f) − 2d∗αB(JH,∇f) − JH(JH(f)). (5)
In (5), ∆f = d∗df is the positive Laplacian on L, B(·, ·) is the second fun-
damental form on L, and Ric⊥(v) is a normal vector field along L defined by
Ric(v, w) = 〈Ric⊥(v), w〉 for any normal vector w. Note also that by the La-
grangian condition JH is tangent to L.
Given a smooth function f on a Lagrangian L, we can extend it to a smooth
function F on M and consider Ls = Exp(svF )L whose mean curvature vector
is denoted by Hs. One can derive the linearized operator of −d∗αHf = −d∗αH1
and obtain that
− d
ds
(d∗αHs)
∣∣
s=0
= Lf. (6)
Here L does not need to be Hamiltonian stationary.
Oh proves in [10, Th. IV] that the torus T na1,..., an in C
n given by (1) is
Hamiltonian stationary with (4) nonnegative definite (Hamiltonian stable), and
KerL at T na1,..., an consist of functions of the following form
Q(z1, . . . , zn) = a+
∑n
j=1(bjzj + b¯j z¯j) +
∑n
j 6=k cjkzj z¯k
restricted on T na1,..., an , where a ∈ R, bj , cjk ∈ C, and cjk = c¯kj (Hamiltonian
rigid, see [6]). If we write T na1,..., an in polar coordinates
T na1,..., an =
{
(a1e
√−1θ1 , . . . , ane
√−1θn) ∈ Cn : θi ∈ [0, 2π), i = 1, . . . , n
}
, (7)
then KerL is spanned by
1, cos θi, sin θi, cos(θi − θj), sin(θi − θj) (8)
for i, j = 1, . . . , n and i 6= j [10].
5
2.2 New Darboux coordinates
The convention for curvature operator used in this paper is
R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,
and
Rijkl = 〈R( ∂
∂xi
,
∂
∂xj
)
∂
∂xk
,
∂
∂xl
〉.
We use the same notion for complex curvature operator and denote
Rij¯kl¯ = 〈R(
∂
∂zi
,
∂
∂z¯j
)
∂
∂zk
,
∂
∂z¯l
〉.
The basic definitions and properties for curvature of Ka¨hler metrics can be found
in [11].
Denote Cn with complex coordinates (z1, . . . , zn), where zj = xj +
√−1yj .
Define the standard Euclidean metric g0, Ka¨hler form ω0, and complex structure
J0 on C
n by
g0 =
∑n
j=1 |dzj|2 =
∑n
j=1(dx
2
j + dy
2
j ),
ω0 =
√−1
2
∑n
j=1 dzj ∧ dz¯j =
∑n
j=1 dxj ∧ dyj, and
J0 =
∑n
j=1
(√−1dzj ⊗ ∂∂zj −
√−1dz¯j ⊗ ∂∂z¯j
)
=
∑n
j=1
(
dxj ⊗ ∂∂yj − dyj ⊗ ∂∂xj
)
,
noting that dzj = dxj +
√−1dyj and ∂∂zj = 12
(
∂
∂xj
−√−1 ∂∂yj
)
.
Darboux’s Theorem says that we can find local coordinates near any point on
a symplectic manifold such that the symplectic structure is like ω0 in C
n in these
coordinates, which will be called Darboux coordinates. Because we need a good
control on the metric as well, we will redo the argument to find better Darboux
coordinates. We first start with holomorphic normal coordinates at points in a
Ka¨hler manifold, and proceed as in [6, Prop. 3.2] to convert them into Darboux
coordinates. To meet our need, we will not only derive the leading coefficients
of the metric in this new Darboux coordinates, but also the coefficients of the
next order. More precisely, we have
Proposition 2.3. Let (M,ω, g) be a compact n-dimensional Ka¨hler manifold
with associate Ka¨hler form ω and let U be the U(n) frame bundle of M . Then
for small ǫ > 0 we can choose a family of embeddings Υp,υ : Bǫ →M depending
smoothly on (p, υ) ∈ U, where Bǫ is the ball of radius ǫ about 0 in Cn, such that
for all (p, υ) ∈ U we have:
(i) Υp,υ(0) = p and dΥp,υ|0 = υ : Cn → TpM ;
(ii) Υp,υ◦γ ≡ Υp,υ ◦ γ for all γ ∈ U(n);
(iii) Υ∗p,υ(ω) = ω0 =
√−1
2
∑n
j=1 dzj ∧ dz¯j ; and
(iv) Υ∗p,υ(g) = g0+
1
2
∑
Re
(
Rij¯kl¯(p)z
izkdz¯jdz¯l
)
+ 15
∑
Re
(
Rij¯kl¯,m(p)z
izkzmdz¯jdz¯l
)
+
2
5
∑
Re
(
Rij¯kl¯,m¯(p)z
izkz¯mdz¯jdz¯l
)
+O
(|z|4), where g0 =∑nj=1 |dzj |2.
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Proof. Given (p, υ) ∈ U, we can find holomorphic coordinates that is an embed-
ding Υ′p,υ : Bǫ′ →M satisfying (i),(ii), and
(Υ′p,υ)
∗(g) =g0 −
∑
i,j,k,l
Rij¯kl¯(p)z
kz¯ldzidz¯j +O(|z|4)
− 1
2
∑
i,j,k,l,m
(
Rij¯kl¯,m(p)z
kz¯lzm +Rij¯kl¯,m¯(p)z
kz¯lz¯m
)
dzidz¯j.
The pull back Ka¨hler form has similar corresponding expression, and Υ′p,υ is
smooth in p, υ. As in the proof of [6, Prop. 3.2], we can use Moser’s method [8]
for proving Darboux’ Theorem to modify the maps Υ′p,υ to Υp,υ with Υ
∗
p,υ(ω) =
ω0. Define closed 2-forms ω
s
p,υ on Bǫ′ for (p, υ) ∈ U and s ∈ [0, 1] by ωsp,υ =
(1−s)ω0+s(Υ′p,υ)∗(ω). Then there exist a family of 1-forms ζp,υ on Bǫ′ satisfying√−1
2 dζp,υ = ω0 − (Υ′p,υ)∗(ω), which can be taken as
ζp,υ =
1
4
Rij¯kl¯(p)z
kz¯l
(−z¯jdzi + zidz¯j)+ 1
10
Rij¯kl¯,m(p)z
kz¯lzm
(−z¯jdzi + zidz¯j)
+
1
10
Rij¯kl¯,m¯(p)z
kz¯lz¯m
(−z¯jdzi + zidz¯j)+O(|z|5).
We use the convention that repeated indices stand for a summation whenever
there is no confusion. In the following we compute the first term of dζp,υ as an
example to demonstrate the argument,
d
(1
4
Rij¯kl¯(p)z
kz¯l
(−z¯jdzi + zidz¯j))
=− 1
4
Rij¯kl¯(p)z¯
lz¯jdzk ∧ dzi − 1
4
Rij¯kl¯(p)z
kz¯jdz¯l ∧ dzi − 1
4
Rij¯kl¯(p)z
kz¯ldz¯j ∧ dzi
+
1
4
Rij¯kl¯(p)z¯
lzidzk ∧ dz¯j + 1
4
Rij¯kl¯(p)z
kzidz¯l ∧ dz¯j + 1
4
Rij¯kl¯(p)z
kz¯ldzi ∧ dz¯j
=+
1
4
Ril¯kj¯(p)z
kz¯jdzi ∧ dz¯l + 1
4
Rij¯kl¯(p)z
kz¯ldzi ∧ dz¯j
+
1
4
Rkj¯il¯(p)z
iz¯ldzk ∧ dz¯j + 1
4
Rij¯kl¯(p)z
kz¯ldzi ∧ dz¯j
=Rij¯kl¯(p)z
kz¯ldzi ∧ dz¯j .
In the second equality we use Rij¯kl¯(p) = Rkj¯il¯(p) = Ril¯kj¯(p) which is implied
by the Ka¨hler condition, and the last equality follows by changing the indices.
The other terms can be computed similarly, noting that there are two z¯ with
dzi and three z with dz¯j which make the coefficient from 110 to
1
2 .
Now let vsp,υ be the unique vector field on Bǫ′ with v
s
p,υ ·ωsp,υ =
√−1
2 ζp,υ . If we
denote vsp,υ = 2Re
∑
j a
s,j
p,υ
∂
∂zj =
∑
j Re(a
s,j
p,υ)
∂
∂xj + Im(a
s,j
p,υ)
∂
∂yj , the coefficient
as,jp,υ will be
1
4
Rij¯kl¯(p)z
kz¯lzi +
1
10
Rij¯kl¯,m(p)z
kz¯lzmzi +
1
10
Rij¯kl¯,m¯(p)z
kz¯lz¯mzi +O(|z|5).
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For 0 < ǫ 6 ǫ′ we construct a family of embeddings ϕsp,υ : Bǫ → Bǫ′ with ϕ0p,υ =
id : Bǫ → Bǫ ⊂ Bǫ′ by solving the system ddsϕsp,υ = vsp,υ ◦ϕsp,υ . By compactness
of [0, 1]×U , this is possible provided ǫ > 0 is small enough. Then (ϕsp,υ)∗(ωsp,υ) =
ω0 for all s, so that (ϕ
1
p,υ)
∗((Υ′p,υ)∗(ω)) = ω0. The j-th component of ϕ1p,υ in z
coordinates is
zj +
1
4
Rij¯kl¯(p)z
kz¯lzi +
1
10
Rij¯kl¯,m(p)z
kz¯lzmzi +
1
10
Rij¯kl¯,m¯(p)z
kz¯lz¯mzi +O(|z|5).
(9)
Define Υp,υ = Υ
′
p,υ ◦ϕ1p,υ. Then Υp,υ depends smoothly on p, υ. Direct compu-
tations give
Υ∗p,υ(g) =g0 +
1
2
∑
i,j,k,l
Re
(
Rij¯kl¯(p)z
izkdz¯jdz¯l
)
+
1
5
∑
i,j,k,l,m
Re
(
Rij¯kl¯,m(p)z
izkzmdz¯jdz¯l
)
+
2
5
∑
i,j,k,l,m
Re
(
Rij¯kl¯,m¯(p)z
izkz¯mdz¯jdz¯l
)
+O
(|z|4). (10)
The different coefficients 15 and
2
5 in (10) comes from the fact that their corre-
sponding terms in (9) respectively have one z¯ and two z¯. The rest of the proof
is the same as [6, Prop. 3.2], and we refer to the proof there for details.
Remark 2.4. The Ka¨hler manifold M does not need to be compact if we allow
ǫ depending on points.
3 Approximate examples with estimates
For 0 < t 6 R−1ǫ, consider the dilation map t : BR → Bǫ mapping t :
(z1, . . . , zn) 7→ (tz1, . . . , tzn). Then Υp,υ ◦ t is an embedding BR → M , so
we can consider the pullbacks (Υp,υ ◦ t)∗(ω) and (Υp,υ ◦ t)∗(g). Define a Rie-
mannian metric gtp,υ on BR by g
t
p,υ = t
−2(Υp,υ ◦ t)∗(g). It depends smoothly on
t ∈ (0, R−1ǫ] and (p, υ) ∈ U , and satisfies
gtp,υ =g0 +
t2
2
∑
i,j,k,l
Re
(
Rij¯kl¯(p)z
izkdz¯jdz¯l
)
+
t3
5
∑
i,j,k,l,m
Re
(
Rij¯kl¯,m(p)z
izkzmdz¯jdz¯l
)
+
2t3
5
∑
i,j,k,l,m
Re
(
Rij¯kl¯,m¯(p)z
izkz¯mdz¯jdz¯l
)
+O
(
t4|z|4). (11)
Since t−2(Υp,υ ◦ t)∗(g) is compatible with t−2(Υp,υ ◦ t)∗(ω), we have that gtp,υ
is compatible with the fixed symplectic form ω0 on BR for all t, p, υ. Moreover,
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there are uniform estimates on these metrics, which are summarized in the
following proposition.
Proposition 3.1. There exist positive constants C0, C1, C2, . . . such that for
all t ∈ (0, 12R−1ǫ] and (p, υ) ∈ U, the metric gtp,υ = t−2(Υp,υ ◦ t)∗(g) on BR
satisfies the estimates
‖gtp,υ − g0‖C0 6 C0t2 and ‖∂kgtp,υ‖C0 6 Cktk+1 for k = 1, 2, . . . , (12)
where norms are taken w.r.t. g0, and ∂ is the Levi-Civita connection of g0.
Proof. This is the same as [6, Prop. 3.4]. But since we have a better estimate
on the metric from Proposition 2.3, we can increase the order on t by 1.
We can assume
∑n
j=1 a
2
j = 1 for simplicity. The image (Υp,υ ◦ t)(T na1,..., an)
is a Lagrangian contained in a B2t ball at p in M . Since the geometry of B2t(p)
in (M,ω, g) is the same as (B2, ω0, g
t
p,υ) in C
n, we will do all the computations
and discussions in (B2, ω0, g
t
p,υ) instead for simplicity. In the coordinates z
j =
rje
√−1θj , j = 1, . . . , n, the metric gtp,υ becomes
gtp,υ =
∑
(dr2i + r
2
i dθ
2
i ) +
∑
(t2ReAij + t
3ReCij)(dridrj − rirjdθidθj)
+
∑
(t2 ImAij + t
3 ImCij)(ridθidrj + rjdridθj) +O
(
t4|z|4), (13)
where
Aij = Aji =
1
2
∑
p,q
Rp¯iqj¯(p)rprqe
√−1(θp+θq−θi−θj),
Cij = Cji =
1
5
∑
p,q,m
Rp¯iqj¯,m(p)rprqrme
√−1(θp+θq−θi−θj+θm)
+
2
5
∑
p,q,m
Rp¯iqj¯,m¯(p)rprqrme
√−1(θp+θq−θi−θj−θm). (14)
The restriction of gtp,υ on T
n
a1,..., an is
htp,υ =
∑
a2i dθ
2
i −
∑
aiaj(t
2ReAij + t
3ReCij)dθidθj +O(t
4), (15)
where |z| has been assumed to be 1 on T na1,..., an . For simplicity, we omit the
restriction of Aij and Cij on T
n
a1,..., an in (15), and will denote g
t
p,υ by gt and
htp,υ by ht when there is no confusion. A direct computation yields
hijt =
1
a2i
δij +
t2
aiaj
ReAij +
t3
aiaj
ReCij +O(t
4),
g
rirj
t = δij − t2ReAij − t3ReCij +O
(
t4|z|4),
g
θiθj
t =
1
r2i
δij +
t2
rirj
ReAij +
t3
rirj
ReCij +O
(
t4|z|4),
g
riθj
t = −
t2
rj
ImAij − t
3
rj
ImCij +O
(
t4|z|4). (16)
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Now we are ready to compute the associate d∗αt of the initial Lagrangian
T na1,..., an ⊂ (B2, ω0, gtp,υ), and estimate how far it is from being Hamiltonian
stationary.
Lemma 3.2. Denote the mean curvature vector on T na1,..., an with respect to gt
by Ht and let αt = Ht · ω0 =
∑
αkt dθk. Then
d∗αt =−
∑
i,j
( 1
aiaj
∂2 Im(t2Aij + t
3Cij)
∂θi∂θj
+
1
2ai
∂2Re(t2Ajj + t
3Cjj)
∂θi∂ri
+
1
2a2i
∂ Re(t2Ajj + t
3Cjj)
∂θi
)
+O(t4), (17)
where Aij and Cij are as defined in (14)
Proof. Because ω0 =
∑
rkdrk ∧ dθk and T na1,..., an is Lagrangian, it follows that
αkt = ak
∑
i,j
hijt (Γ¯t)
rk
θiθj
, where (Γ¯t)
c
ab is the Christoffel symbol for the metric gt.
A direct computation gives
αkt =− 1− Re(t2Akk + t3Ckk) +
∑
i
ak
ai
(
Re(t2Aik + t
3Cik) +
∂ Im(t2Aik + t
3Cik)
∂θi
)
+
ak
2
∑
i
∂r2i Re(t
2Aii + t
3Cii)
a2i ∂rk
+O(t4).
Further computation shows that the t2 and t3 terms of αkt are
Bk =
∑
i
ak
ai
∂ Im(t2Aik + t
3Cik)
∂θi
+
ak
2
∑
i
∂ Re(t2Aii + t
3Cii)
∂rk
+
∑
i
ak
ai
Re(t2Aik + t
3Cik). (18)
Recall that
d∗αt = −
∑ ∂hijt
∂θi
αjt −
∑
hijt
∂αjt
∂θi
− 1
2
∑
hijt α
j
t
∂
∂θi
(
ln det((ht)kl)
)
.
Therefore,
d∗αt =
∑
i,j
1
aiaj
∂ Re(t2Aij + t
3Cij)
∂θi
−
∑
i
1
a2i
∂Bi
∂θi
−
∑
i,j
1
2a2i
∂ Re(t2Ajj + t
3Cjj)
∂θi
+O(t4). (19)
From (18), we have
∑
i
1
a2i
∂Bi
∂θi
=
∑
i,j
1
aiaj
(∂2 Im(t2Aij + t3Cij)
∂θi∂θj
+
∂Re(t2Aij + t
3Cij)
∂θi
)
+
1
2ai
∂2Re(t2Ajj + t
3Cjj)
∂θi∂ri
(20)
10
Combining (19) and (20), we get
d∗αt =−
∑
i,j
( 1
aiaj
∂2 Im(t2Aij + t
3Cij)
∂θi∂θj
+
1
2ai
∂2Re(t2Ajj + t
3Cjj)
∂θi∂ri
+
1
2a2i
∂ Re(t2Ajj + t
3Cjj)
∂θi
)
+O(t4).
We now compute the orthogonal projection of d∗αt to KerL. Recall that
KerL of T na1,..., an in Cn is spanned by 1, cos θi, sin θi, cos(θi − θj), sin(θi − θj)
for i, j = 1, . . . , n and i 6= j. From (14), it follows that in the leading terms
only Aij can project to cos(θi − θj) and sin(θi − θj), while only Cij can project
to cos θi and sin θi. The result is summarized in the following lemma.
Lemma 3.3. Denote the orthogonal projection from L2(T na1,..., an) w.r.t. g0 to
KerL by P . Then
P d∗αt =2t2
∑
j>i
Im
(−a2jRji¯jj¯(p) + a2iRji¯i¯i(p))cos (θj − θi)aiaj
+ 2t2
∑
j>i
Re
(−a2jRji¯jj¯(p) + a2iRji¯i¯i(p)) sin (θj − θi)aiaj
+ t3
∑
ij
(
Im a2iRi¯ii¯i,j(p)
cos θj
aj
+Re a2iRi¯ii¯i,j(p)
sin θj
aj
)
+O(t4). (21)
Proof. From the expression of Aij in (14) and KerL, we have
PAii =
1
2
a2iRi¯ii¯i(p) +
∑
j 6=i
aiajRji¯i¯i(p)e
√−1(θj−θi), and for i 6= j,
PAij =
∑
q 6=i,j
aiaqRi¯iqj¯(p)e
√−1(θq−θj) +
∑
q 6=i,j
ajaqRqi¯jj¯(p)e
√−1(θq−θi)
+ aiajRi¯ijj¯(p) +
1
2
a2iRi¯iij¯(p)e
√−1(θi−θj) +
1
2
a2jRji¯jj¯(p)e
√−1(θj−θi).
Therefore,
−P
∑
i,j
1
aiaj
∂2 ImAij
∂θi∂θj
=− P
∑
i
1
a2i
∂2 ImAii
∂θ2i
− P
∑
i6=j
1
aiaj
∂2 ImAij
∂θi∂θj
=
∑
j 6=i
aj
ai
Im
(
Rji¯i¯i(p)−Rji¯jj¯(p)
)
e
√−1(θj−θi). (22)
Similar computation gives
− P
∑
i,j
1
2ai
∂2ReAjj
∂θi∂ri
=
1
2
∑
i6=j
( ai
aj
− aj
ai
)
ImRji¯i¯i(p)e
√−1(θj−θi), (23)
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and
− P
∑
i,j
1
2a2i
∂ReAjj
∂θi
=
1
2
∑
i6=j
( ai
aj
− aj
ai
)
ImRji¯i¯i(p)e
√−1(θj−θi). (24)
Combining (22), (23), and (24), we obtain that the t2 coefficient of d∗αt is
∑
i6=j
Im
((−aj
ai
Rji¯jj¯(p) +
ai
aj
Rji¯i¯i(p)
)
e
√−1(θj−θi))
=2
∑
j>i
Im
(−a2jRji¯jj¯(p) + a2iRji¯i¯i(p))cos (θj − θi)aiaj
+ 2
∑
j>i
Re
(−a2jRji¯jj¯(p) + a2iRji¯i¯i(p)) sin (θj − θi)aiaj . (25)
We also have
PCii =
1
5
a3iRi¯ii¯i,i(p)e
√−1θi +
3
5
∑
j 6=i
a2i ajRi¯ii¯i,j(p)e
√−1θj ,
+
2
5
a3iRi¯ii¯i,¯i(p)e
−√−1θi +
2
5
∑
j 6=i
a2i ajRi¯ii¯i,j¯(p)e
−√−1θj , and
PCij =
3
5
a2i ajRi¯ijj¯,i(p)e
√−1θi +
3
5
aia
2
jRi¯ijj¯,j(p)e
√−1θj
+
6
5
∑
q 6=i,j
aiajaqRi¯ijj¯,q(p)e
√−1θq +
4
5
∑
q
aiajaqRi¯ijj¯,q¯(p)e
−√−1θq
for i 6= j. Further computation gives
−P
∑
i,j
1
aiaj
∂2 ImCij
∂θi∂θj
=− P
∑
i
1
a2i
∂2 ImCii
∂θ2i
− P
∑
i6=j
1
aiaj
∂2 ImCij
∂θi∂θj
=
∑
i
ai
5
ImRi¯ii¯i,i(p)e
√−1θi +
2ai
5
ImRi¯ii¯i,¯i(p)e
−√−1θi
=−
∑
i
ai
5
ImRi¯ii¯i,i(p)e
√−1θi . (26)
We use ImRi¯ii¯i,¯i(p)e
−√−1θi = − ImRi¯ii¯i,i(p)e
√−1θi in the last equality. For the
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other terms, we similarly have
− P
∑
i,j
1
2ai
∂2ReCjj
∂θi∂ri
=−
∑
i
1
10ai
∂2
∂θi∂ri
(
r3i ReRi¯ii¯i,i(p)e
√−1θi + 2r3i ReRi¯ii¯i,¯i(p)e
−√−1θi)
−
∑
i6=j
1
10aj
∂2
∂θj∂rj
(
3r2i rj ReRi¯ii¯i,j(p)e
√−1θj + 2r2i rj ReRi¯ii¯i,j¯(p)e
−√−1θj)
=
9
10
∑
i
ai ImRi¯ii¯i,i(p)e
√−1θi +
1
2
∑
i6=j
a2i
aj
ImRi¯ii¯i,j(p)e
√−1θj , (27)
and
− P
∑
i,j
1
2a2i
∂ ReCjj
∂θi
=−
∑
i
3ai
10
∂ ReRi¯ii¯i,i(p)e
√−1θi
∂θi
−
∑
i6=j
a2i
2aj
∂ReRi¯ii¯i,j(p)e
√−1θj
∂θj
=
3
10
∑
i
ai ImRi¯ii¯i,i(p)e
√−1θi +
1
2
∑
i6=j
a2i
aj
ImRi¯ii¯i,j(p)e
√−1θj . (28)
Putting (26), (27) and (28) together, we conclude that the t3 coefficient of d∗αt
is
∑
i
ai ImRi¯ii¯i,i(p)e
√−1θi +
∑
i6=j
a2i
aj
ImRi¯ii¯i,j(p)e
√−1θj
=
∑
ij
Im a2iRi¯ii¯i,j(p)
cos θj
aj
+Re a2iRi¯ii¯i,j(p)
sin θj
aj
. (29)
Thus (25) and (29) yield (21).
4 Perturbation
We will formulate a family of fourth-order nonlinear elliptic partial differential
operators P tp,υ : C
∞(T na1,..., an) → C∞(T na1,..., an) depending on (p, υ) ∈ U and
small t > 0, such that C1-small f ∈ C∞(T na1,..., an) correspond to Lagrangians
Lt,fp,υ in M , and L
t,f
p,υ is Hamiltonian stationary when P
t
p,υ(f) = 0.
We first set up the problem and introduce some related properties. Let L be
a real n-manifold. Then its cotangent bundle T ∗L has a canonical symplectic
form ωˆ, defined as follows. Let (x1, . . . , xn) be local coordinates on L. Extend
them to local coordinates (x1, . . . , xn, y1, . . . , yn) on T
∗L such that (x1, . . . , yn)
represents the 1-form y1dx1 + · · · + yndxn in T ∗(x1,...,xn)L. Then ωˆ = dx1 ∧
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dy1 + · · · + dxn ∧ dyn. Identify L with the zero section in T ∗L. Then L is
a Lagrangian submanifold of (T ∗L, ωˆ). The following theorem shows that any
compact Lagrangian submanifold L in a symplectic manifold looks locally like
the zero section in T ∗L.
Lagrangian Neighbourhood Theorem [7, Th. 3.33] Let (M,ω) be a sym-
plectic manifold and L ⊂ M a compact Lagrangian submanifold. Then there
exists an open tubular neighbourhood T of the zero section L in T ∗L, and an
embedding Φ : T → M with Φ|L = id : L → L and Φ∗(ω) = ωˆ, where ωˆ is the
canonical symplectic structure on T ∗L.
We shall call T,Φ a Lagrangian neighbourhood of L. Such neighbourhoods
are useful for parametrizing nearby Lagrangian submanifolds of M . Suppose
that L˜ is a Lagrangian submanifold of M which is C1-close to L. Then L˜
lies in Φ(T ), and is the image Φ(Γα) of the graph Γα of a unique C
1-small
1-form α on L. As L˜ is Lagrangian and Φ∗(ω) = ωˆ we see that ωˆ|Γα ≡ 0. But
ωˆ|Γα = −π∗(dα), where π : Γα → L is the natural projection. Hence dα = 0,
and α is a closed 1-form. This establishes a 1-1 correspondence between C1-
small closed 1-forms on L and Lagrangian submanifolds L˜ close to L in M .
Making T smaller if necessary, we can suppose T is of the form
T =
{
(p, α) : p ∈ L, α ∈ T ∗pL, |α| < δ
}
(30)
for some small δ > 0, where |α| is computed using the metric g0|L. Now take
L = T na1,..., an ⊂ Cn. Let T na1,..., an ⊂ Φ(T ) ⊂ B2 ⊂ Cn and f ∈ C∞(T na1,..., an)
with ‖df‖C0 < δ. Define the graph Γdf of df to be Γdf =
{
(q, df |q) : q ∈
T na1,..., an
}
. Then Γdf is an embedded Lagrangian submanifold in (T, ωˆ). Since
Φ∗(ω0) = ωˆ, we see that Φ(Γdf ) is Lagrangian in (B2, ω0).
Let 0 < t 6 12ǫ. For each f ∈ C∞(T na1,..., an) with ‖df‖C0 < δ, define Lt,fp,υ =
Υp,υ ◦ t◦Φ(Γdf). Then Lt,fp,υ is an embedded submanifold ofM diffeomorphic to
T na1,..., an , and as Φ(Γdf ) is Lagrangian in (B2, ω0) and (Υp,υ ◦ t)∗(ω) = t2ω0, we
see that Lt,fp,υ is Lagrangian in (M,ω). We can further restrict
∫
Tna1,..., an
f dV0 =
0 because f and f + c define the same Lagrangian submanifold. Here dV0 is the
induced volume form on T na1,..., an w.r.t. g0. Denote the induced metric of g
t
p,υ
on Φ(Γdf ) by h
t,f
p,υ and Φf : q ∈ T na1,..., an 7→ Φ(q, df |q). We define
P tp,υ :
{
f ∈ C∞(T na1,..., an) : ‖df‖C0 < δ
} −→ C∞(T na1,..., an) (31)
to be the Euler–Lagrangian operator of
F tp,υ(f) = Volgtp,υ Φ(Γdf ) =
∫
Φ(Γdf )
dVht,fp,υ
=
∫
Tna1,..., an
(Φf )
∗(dVht,fp,υ
)
=
∫
Tna1,..., an
Gtp,υ
(
q, df |q,∇df |q
)
dV0, (32)
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where∇ is the Levi-Civita connection of the induced metric h0 of g0 on T na1,..., an .
Assume that −d∗αHf is computed w.r.t gtp,υ at Φ(Γdf ), then
P tp,υ(f) = −
(√
det
(
Φ∗f (h
t,f
p,υ)
)
/
√
det(h0)
)
d∗αHf = −J t,fp,υ d∗αHf . (33)
Here we identify the function d∗αHf on Φ(Γdf ) with its pull back on T
n
a1,..., an
for simplicity. Because J t,fp,υ 6= 0, it implies that P tp,υ(f) ≡ 0 if and only if
d∗αHf ≡ 0. Thus a zero of P tp,υ will give a Hamiltonian stationary Lagrangian
w.r.t. gtp,υ. We choose P
t
p,υ(f) instead of d
∗αHf just for technical reasons.
Noting that g0p,υ = g0, we define F0(f) = Volg0 Φ(Γdf ). Denote the corre-
sponding operator at t = 0 by P0, and the linearized operators of P
t
p,υ and P0
at 0 by Ltp,υ and L respectively. Here L is the same as (5) w.r.t. g0, but Ltp,υ is
slightly different from the one in (5) w.r.t. gtp,υ. We then have
Proposition 4.1. [6, Prop. 4.1] Let any k > 0, γ ∈ (0, 1), and small
δ′ > 0 and ζ > 0 be given. Then if t > 0 is sufficiently small, for all
f ∈ Ck+4,γ(T na1,..., an) with ‖df‖C0 6 12δ and ‖∇df‖C0 6 δ′, and all (p, υ) ∈ U
we have
∥∥P tp,υ(f)− P0(f)∥∥Ck,γ 6 ζ and ∥∥Ltp,υ(f)− L(f)∥∥Ck,γ 6 ζ‖f‖Ck+4,γ . (34)
That is, by taking t small we can suppose P tp,υ and Ltp,υ are arbitrarily close
to P0 and L as operators from Ck+4,γ(T na1,..., an) to Ck,γ(T na1,..., an) (on their
respective domains) uniformly in (p, υ) ∈ U .
Remark 4.2. From Proposition 3.1, it follows that we only need to take ct2 6 ζ
for some fixed constant c (also see the Appendix).
Theorem 4.3. [6, Th. 5.1] Suppose 0 < t 6 12ǫ is sufficiently small and fixed.
Then for all (p, υ) ∈ U, there exists f tp,υ ∈ C∞(T na1,..., an) satisfying
P tp,υ(f
t
p,υ) ∈ KerL and f tp,υ ⊥ KerL, (35)
where f tp,υ ⊥ KerL means f tp,υ is L2-orthogonal to KerL. Furthermore f tp,υ is
the unique solution of (35) with ‖f tp,υ‖C4,γ small, and f tp,υ depends smoothly
on (p, υ) ∈ U .
Because T na1,..., an is T
n invariant, it induces a T n action on the cotangent
bundle of T na1,..., an , and T is T
n-invariant. Moreover, we can choose Φ to be
equivariant under the actions of T n on T and Cn following the proof of the
dilation-equivariant Lagrangian Neighbourhood Theorem in [5, Th. 4.3]. Fur-
thermore, the functions f tp,υ in Theorem 4.3 satisfy f
t
p,υ◦γ ≡ f tp,υ ◦ γ for γ ∈ T n.
Define Ltp,υ = L
t,ftp,υ
p,υ for (p, υ) ∈ U and a smooth map Ht : U → KerL by
Ht : (p, υ) 7→ P tp,υ(f tp,υ). The map Ht is T n-equivariant, and depends on t
smoothly as t changes. We refer to [6] for a detailed discussion on the setting
and properties.
Now we are ready to state and prove our main result:
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Theorem 4.4. Suppose that (M,ω, g) is an n-dimensional Ka¨hler manifold,
and write U for the U(n) frame bundle of M . The subgroup of diagonal matrices
T n ⊂ U(n) acts on U . For any given ai > 0, i = 1, . . . , n, define Fa1,...,an :
U/T n → R by Fa1,...,an(p, [υ]) =
∑n
i=1 a
2
iRi¯ii¯i(p), where p ∈M, υ ∈ U(n), and
the holomorphic sectional curvature Ri¯ii¯i(p) is computed w.r.t. the unitary frame
υ at p whose value is clearly independent of the representative υ of [υ]. Assume
that (p0, [υ0]) ∈ U/T n is a non-degenerate critical point of Fa1,...,an , then for t
small there exist a smooth family (p(t), [υ(t)]) ∈ U/T n satisfying (p(0), [υ(0)]) =
(p0, [υ0]) and a smooth family of embedded Hamiltomian stationary Lagrangian
tori with radii (ta1, . . . , tan) center at p(t) which are invariant under T
n action
and posited w.r.t any representative of [υ(t)]. Moreover, the distance between
(p(t), [υ(t)]) and (p0, [υ0]) in U/T
n is bounded by ct2. The family of embedded
Hamiltomian stationary Lagrangian tori do not intersect each other when t is
small.
Proof. By Theorem 4.3, the problem of finding Hamiltonian stationary La-
grangians is reduced to finding zeros of Ht. Because we will change (p, υ) ∈ U ,
we now rewrite αt in §3 as αtp,υ to indicate its dependency. We have
P tp,υ(0) = −
(√
det(htp,υ)/
√
det(h0)
)
d∗αtp,υ = −d∗αtp,υ +O(t4)
from (15) and Lemma 3.2. Thus
∥∥P tp,υ(0)∥∥Ck,γ 6 ct2 by Lemma 3.2 again.
The Implicit Function Theorem used in the proof of Theorem 4.3 will then give
‖f tp,υ‖Ck+4,γ 6 ct2. The constant c may need to be modified at different places,
but we still use the same symbol. It follows from the Appendix that
P tp,υ(f
t
p,υ) = −P d∗αtp,υ +O(t4), (36)
where P is the orthogonal projection from L2(T na1,..., an) w.r.t. g0 to KerL. We
remark that from the definition of P tp,υ(f) in (33) we have
∫
Tna1,..., an
P tp,υ(f
t
p,υ) dV0 = 0.
Now we need to find (p(t), υ(t)) ∈ U such that the coefficients of cos θi, sin θi,
cos(θi−θj), and sin(θi−θj) for P tp,υ(f tp,υ) all vanish for i, j = 1, . . . , n and i 6= j.
BecauseHt is T n-equivariant, if (p(t), υ(t)) is a zero ofHt, so is (p(t), υ(t)◦γ) for
any γ ∈ T n. But they determine the same Hamiltonian stationary Lagrangian
torus since f tp,υ◦γ ≡ f tp,υ ◦ γ. That is, the Hamiltonian stationary Lagrangian
torus obtained is T n invariant.
Suppose that (p0, [υ0]) ∈ U/T n is a critical point of Fa1,...,an . We can also
consider Fa1,...,an as a function on U , and (p0, υ0) ∈ U is its critical point. One
then has
∑
i a
2
iRi¯ii¯i,j(p0) = 0 for any j by applying variations which vary p in
M . It follows that the t3 terms of Ht(p, υ) = P tp,υ(f
t
p,υ) vanish at (p0, υ0) by
Lemma 3.3 and (36). Suppose aij ∈ u(n), i < j, satisfy
aij ei = ej , aij ej = −ei, and aij ek = 0 for k 6= i, j,
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and bij ∈ u(n), i < j, satisfy
bij ei = −
√−1ej, bij ej = −
√−1ei, and bij ek = 0 for k 6= i, j.
Applying a variation along aij ∈ u(n) at (p0, υ0), it yields
0 = 2a2iRji¯i¯i(p0) + 2a
2
iRij¯ i¯i(p0)− 2a2jRij¯jj¯(p0)− 2a2jRji¯jj¯(p0)
= 4Re
(
a2iRji¯i¯i(p0)− a2jRji¯jj¯(p0)
)
, (37)
where we have used Rij¯i¯i = Rji¯i¯i. Similarly, applying a variation along bij ∈
u(n) at (p0, υ0), it yields
0 = −2a2i
√−1Rji¯i¯i(p0) + 2a2i
√−1Rij¯i¯i(p0)− 2a2j
√−1Rij¯jj¯(p0) + 2a2j
√−1Rji¯jj¯(p0)
= 4 Im
(
a2iRji¯i¯i(p0)− a2jRji¯jj¯(p0)
)
. (38)
From Lemma 3.3 and (36), the equalities (37) and (38) lead to that the t2 terms
of Ht(p, υ) = P tp,υ(f
t
p,υ) vanish at (p0, υ0).
We denote
P tp,υ(f
t
p,υ) =
∑
j>i
Dtij(p, υ)
cos (θj − θi)
aiaj
+
∑
j>i
Etij(p, υ)
sin (θj − θi)
aiaj
+
∑
j
Fj(p, υ)
cos θj
aj
+
∑
j
Gj(p, υ)
sin θj
aj
,
and for t 6= 0 define a new map Gt : U → {f ∈ KerL : ∫
Tna1,..., an
f dV0 = 0
}
by
Gt(p, υ) =−
∑
j>i
Dtij(p, υ)
t2
cos (θj − θi)
aiaj
−
∑
j>i
Etij(p, υ)
t2
sin (θj − θi)
aiaj
+
∑
j
Fj(p, υ)
t3
cos θj
aj
−
∑
j
Gj(p, υ)
t3
sin θj
aj
.
From (36), Lemma 3.3 and the above discussions we have
Gt(p, υ) =
1
2
∑
j>i
(∂Fa1,...,an(p, υ)
∂bij
+O(t2)
)cos (θj − θi)
aiaj
+
1
2
∑
j>i
(∂Fa1,...,an(p, υ)
∂aij
+O(t2)
) sin (θj − θi)
aiaj
+
1
2
∑
j
(∂Fa1,...,an(p, υ)
∂yj
+O(t2)
)cos θj
aj
+
1
2
∑
j
(∂Fa1,...,an(p, υ)
∂xj
+O(t2)
) sin θj
aj
. (39)
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In above we use the observation that only t’s odd power terms can contribute to
the coefficients of cos θj and sin θj for P
t
p,υ(f
t
p,υ) from the derivation of Propo-
sition 2.3, Lemma 3.2 and Lemma 3.3. We can extend Gt smoothly to t = 0 in
(39) and consider it as a smooth map G on [0, ǫ) × U . Because (p0, [υ0]) is a
non-degenerate critical point of Fa1,...,an , it follows that G(0, p0, υ0) = 0 and the
differential dG0|(p0,υ0) is surjective. Noting that the subspace in u(n) perpen-
dicular to the Lie algebra of T n is spanned by aij and bij , the Implicit Function
Theorem implies that there exists a smooth function (p(t), [υ(t)]) ∈ U/T n for
small t with (p(0), [υ(0)]) = (p0, [υ0]), such that G
t(p(t), υ(t)) = 0 for any rep-
resentative υ(t) of [υ(t)]. For t 6= 0 the zeros of Ht and Gt are the same. Hence
Ht(p(t), υ(t)) = 0. Moreover, the distance between (p(t), [υ(t)]) and (p0, [υ0])
is bounded by ct2 and therefore the Hamiltomian stationary Lagrangian tori
with radii (ta1, . . . , tan) obtained will not intersect each other for small t. This
completes the proof of the theorem.
5 A different proof for Theorem 4.4
In [6], we define a smooth function Kt : U → R by
Kt(p, υ) = t−nVolg
(
Ltp,υ
)
= Volgtp,υ Φ(Γdftp,υ ), (40)
and prove that under suitable identification dKt|(p,υ) is the same as Ht(p, υ) [6,
Prop. 6.2]. Hence finding zeros of Ht(p, υ) is equivalent to finding critical points
of Kt. Noting that Kt is also smooth in t and we will do the expansion of Kt
in t to analyze the critical points of Kt. Recall that F tp,υ(f) = Volgtp,υ Φ(Γdf )
and F0(f) = Volg0 Φ(Γdf ). We have
Proposition 5.1. The function Kt(p, υ) = F tp,υ(0)+O(t
4). That is, the leading
terms of Kt(p, υ) in t are the same as the area of T na1,..., an w.r.t. g
t
p,υ.
Proof. We pull back the induced metric of gtp,υ on Φ(Γdftp,υ) to T
n
a1,..., an , and
denote it as h = h0+t
2h2+t
3h3+O(t
4) from (11), where h0 is the induced metric
of g0 on T
n
a1,..., an and consider h, h0, h2, h3 as matrices. A direct computation
gives
det(h) = det
(
h0 + t
2h2 + t
3h3 +O(t
4)
)
= det(h0) det
(
I + t2h−10 h2 + t
3h−10 h3 +O(t
4)
)
, (41)
and √
det(h) =
√
det(h0)
(
1 +
1
2
t2Tr(h−10 h2) +
1
2
t3Tr(h−10 h3) +O(t
4)
)
,
where h−10 is the inverse matrix of h0. We thus have
Kt(p, υ) = F tp,υ(f
t
p,υ) = Volgtp,υ Φ
(
Γdftp,υ
)
=
∫
Tna1,..., an
(
1 +
1
2
t2Tr(h−10 h2) +
1
2
t3Tr(h−10 h3) +O(t
4)
)
dV0
= F0(f
t
p,υ) + F
t
p,υ(0)− F0(0) +O(t4). (42)
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In the last equality, we use the observation that from (11) and (49) one can
totally separate the contribution of f tp,υ and g
t
p,υ to h2 and h3, and then do the
same expansion for F0(f
t
p,υ) and F
t
p,υ(0). On the other hand, we have
F0(f
t
p,υ) = F0(0) +
d
ds
F0(sf
t
p,υ)
∣∣
s=0
+O(t4) = F0(0) +O(t
4), (43)
where we have used (49) in the first equality and T na1,..., an is Hamiltonian sta-
tionary w.r.t. g0 in the second one. Plugging (43) into (42), we get K
t(p, υ) =
F tp,υ(0) +O(t
4) as desired.
Remark 5.2. Proposition 5.1 in fact not only works for T na1,..., an , but also for
all compact Hamiltonian stationary Lagrangians L in Cn. To identify dKt with
Ht we need L to be Hamiltonian rigid.
Proposition 5.3. Further expansion gives
Kt(p, υ) =
(
1− 1
4
t2
n∑
i
a2iRi¯ii¯i(p)
)
Volg0(T
n
a1,..., an) +O(t
4).
Proof. The induced metric htp,υ of g
t
p,υ on T
n
a1,..., an is given in (15) and the in-
verse matrix h−10 has entries h
ij
0 =
δij
a2i
. Combining (15) and a similar discussion
as in (42), we get
F tp,υ(0) = F0(0)−
1
2
∫
Tna1,..., an
n∑
i
(
t2ReAii + t
3ReCii
)
dV0 +O(t
4), (44)
where ReAii and ReCii are as in (14). Noting that the integration of cos and
sin function on T na1,..., an will vanish, only the terms involving Ri¯ii¯i(p) remain.
We thus have F tp,υ(0) =
(
1− 14 t2
∑n
i a
2
iRi¯ii¯i(p)
)
F0(0) +O(t
4). Combining with
Proposition 5.1, it follows that
Kt(p, υ) =
(
1− 1
4
t2
n∑
i
a2iRi¯ii¯i(p)
)
F0(0) +O(t
4). (45)
This complete the proof by replacing F0(0) by Volg0(T
n
a1,..., an).
Proof of Theorem 4.4. Noting that both Kt and
∑n
i a
2
iRi¯ii¯i(p) are invariant
under T n action, we now consider Kt as a map from U/T n to R. We have
K0(p, [υ]) ≡ F0(0) and every (p, [υ]) is a critical point of K0. Suppose that
(p0, [υ0]) is a non-degenerate critical point of Fa1,...,an(p, [υ]) =
∑n
i a
2
iRi¯ii¯i(p).
We particular look K0(p, [υ]) at (p0, [υ0]). It follows from the Implicit Function
Theorem that there exists a smooth function (p (t), [υ(t)]) ∈ U/T n for small t
with (p (0), [υ(0)]) = (p0, [υ0)], such that (p (t), [υ(t)]) is a critical point of K
t.
Moreover, the distance between (p (t), [υ(t)]) and (p0, [υ0)] in U/T
n is bounded
by ct2 from (45). Therefore, the Hamiltomian stationary Lagrangian tori with
radii (ta1, . . . , tan) obtained are T
n invariant and will not intersect each other
for small t. This completes the proof of the theorem.
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Appendix
Here we give a supplement to (36). Rewrite d∗αHf in (33) as d
∗α(t, p, υ, f) to
indicate its dependency. We have
d∗α(t, p, υ, f)
= d∗α, (t, p, υ, 0) +
∫ 1
0
d
ds
d∗α(t, p, υ, sf) ds
= d∗α(t, p, υ, 0) +
∫ 1
0
(d∗α)ψ(t, p, υ, sf)f ds
= d∗α(t, p, υ, 0) +
∫ 1
0
(−L¯tp,υf +
∫ 1
0
d
du
(
(d∗α)ψ(t, p, υ, usf)f
)
du
)
ds
= d∗α(t, p, υ, 0)− L¯tp,υf +
∫ 1
0
∫ 1
0
(d∗α)ψψ(t, p, υ, usf)sf2 du ds,
(46)
where L¯tp,υf = −(d∗α)ψ(t, p, υ, 0)f is as (5) computed w.r.t. gtp,υ. Denote
Qtp,υ(f) =
∫ 1
0
∫ 1
0
(d∗α)ψψ(t, p, υ, usf)sf2 du ds. (47)
The induced metric of gtp,υ on T
n
a1,..., an is uniformly bounded from Proposi-
tion 3.1, and so is d∗α(t, p, υ, 0). If the norm of f is small, it will not change the
induced metric too much either. More precisely, we have
∥∥d∗α(t, p, υ, f)∥∥
k,γ
bounded if ‖f‖k+4,γ is small. Similarly, we have
∥∥(d∗α)ψψ(t, p, υ, usf)∥∥k,γ
bounded for 0 6 s 6 1 and 0 6 u 6 1. Thus (47) gives∥∥Qtp,υ(f)∥∥k,γ 6 c‖f‖2k+4,γ . (48)
By Lemma 3.2, we have
∥∥d∗α(t, p, υ, 0)∥∥Ck,γ = O(t2) for any integer k > 0 and
γ ∈ (0, 1). It leads to
‖f tp,υ‖Ck+4,γ 6 ct2 (49)
from the Implicit Function Theory in the construction in Theorem 4.3. And
thus d∗α(t, p, υ, f tp,υ) = O(t
2) from (46), (5), (48) and (49). In (33), we have
J t,fp,υ = 1 +O(t
2) from (13) and (49). Therefore, (33) gives
P tp,υ(f
t
p,υ) = −d∗α(t, p, υ, f tp,υ) +O(t4) = −Pd∗α(t, p, υ, f tp,υ) +O(t4)
since P tp,υ(f
t
p,υ) is indeed in KerL by Theorem 4.3.
Combining (48) and (49), it gives Qtp,υ(f tp,υ) = O(t4). Noting that L¯0p,υ = L,
by Proposition 3.1 and (5) we have∥∥L¯tp,υ(f)− L(f)∥∥Ck,γ 6 ct2‖f‖Ck+4,γ . (50)
Since L is a self-adjoint operator, L(f tp,υ) is perpendicular to KerL. We then
have P L¯tp,υ(f tp,υ) = O(t4) by (49) and (50). Therefore,
P tp,υ(f
t
p,υ) = −P d∗α(t, p, υ, 0) +O(t4),
which is (36) by denoting d∗α(t, p, υ, 0) as d∗αtp,υ.
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